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Introduction

Noncommutative geometry in physics is used to model "manifolds" with intrinsic minimal length scales. Often it is incorporated by deforming the algebra
of smooth spacetime functions C'*°(M) by systematically promoting the pointwise function product - into a noncommutative product x. This x product
imposes noncommutativity of coordinate functions |z#, x|, = z# xx¥ — x¥ x 2" # 0 and propagates to an uncertainity relation of position measurement.
As a mathematical field, noncommutative geometry studies geometric constructions on noncommutative algebraic structures (noncommutative algebras
and modules over them).

In this presentation we show how deformations which impose (almost Abelian) Lie algebraic commutation relations on coordinates satisfy a unique
property that U (V) gauge invariance (of a natural choice of an action) is possible only on specific metric signatures for a given Lie algebraic deformation.

3 - Gauge structure

1 - Deformed product

Consider an almost abelian Lie group With that said, V? := ¢ o Vx o ¢~ ! satisfies

the same Leibniz rule as Vx. Additionally, it
satisfies ¢V x(m) = V?(¢pm). One can define
curvature of the connection as the right A-linear
map for any two derivations X,Y as

In noncommutative geometry one can define
a connection over a noncommutative algebra’s
right module M. M is a right module over an
algebra A is there exists a map <: A — Aut(M)
which obeys

G§=Rx,R" ae€Mat,x,

whose group product is given as [1]
(™. 7) (™. 7) = (" + ™, 7+ a(p™)7)

for pM.¢™ € R and p,¢ € R™. Then, for
A(pM™) = a(p™) @ 1141 € Mat,,41xnt1 One can
consider a star product on the n+ 1 dimensional
spacetime as

(f*g)(x) =

(m<a)<tb=(m) < (ab) ,Va,be Ame M F(X,Y)(m)=|Vx,Vy](m)—Vixy)(m) .
The module M models sections of vector bun-
dles, as commutatively they form a right module
over spacetime functions C°(M) (¥ < f)(x) =
U(z)- f(z)). On M one can define a covariant
derivative in the direction of a derivation X (let
us for now forget that partial derivatives
are not derivations of the algebra in our
almost abelian case) of the algebra A as any
map V x : M — M satistying the Leibniz rule

It can be shown that F?(X,Y) =¢o F(X,Y)o

¢! is the curvature of V%.

To model electromagnetism’s U(1) connection,
we actually choose the module to equal the al-
gebra itself and we restrict to gauge transforma-
tions given as multiplication by unitary elements
g. One can show, via the Leibniz rule, that any
connection is comletely determined by its action

This deformed product imposes the commuta- on the unit element of the algebra

tors on coordinates as

Vx(m<a)=m<X(a)+Vx(m)<a (1) Vx(a)=Vx(lxa)=1%X(a)+Vx(1)*xa

= X(a)+1Ax xa

M L . M H o
[ZE L ]* - ! [aPMA(p )‘pM:O} ot where derivations X of the algebra A are linear

maps X : A — A satisfying where Ax can be thought of the contraction of

the vector field X and gauge potential A. Simi-
larly, curvature’s components come from acting
on the identity F,,, = F'(9,,0,)(1) and we have

2 - Multi-derivation structure X (ab) = X (a)b

aX (D)
It turns out that partial derivatives form twisted

multi-derivations [2] of the deformed algebra
C°(M) in the sense

Ou(f*xg) = (Ouf)*xg+ A(Prm)" u(f) % 0pg

where Py, =

Gauge transformations are defined as automor-
phisms of left module M, i.e., invertible linear
maps ¢ which are also right A-linear

F,.=0,A4,-0A,—-1/A, A,

Using this curvature, we define an action princi-

6(m 9.a) = 6(m) < a o

¢ OxM

This exactly reproduces the C°°(M) linearity of

S = /d%FW * F;J *x ghP x g¥°
cgauge transformations in the commutative case.

Results

A complication that we encountered is that the p and hyperbolic p Minkowski spacetimes:

Leibniz rule (1) is well defined only for deriva-

Vi(a) = ANPy)” 1(9) x V(9" xa)  (4)

1 0 0 0
. X h ] . . . . COS sin
tions . bUt’. s WE Have announced! 1n Sectlop which affects the transformation rules of the po- A(Py) = (8 ~ sir(fl% cos(uig)) 8)
2, partial derivatives are actually twisted multi- tontial 0 0 0 1
derivations, not derivations. Thus, the concept b e 0 o
: .. cosh(P3)  sinh(P3
of th.e connectlo.n needs to .be adapted. (1) is im- A9 = V9(1) = A(Py)” u(g) * (6’pgT LA, *gT) A(P3) = (smhéPg) cosh(P3) 0 8)
possible to consistently satisty, but, the following 0 0 0o 1

Leibniz rule

and of the curvature solve (H) for

Vulaxf) = AAPM)? 1 (a)x0p(f)+Vu(a)xf (2)  FI, = gx Fogx A~ (APy)® pA (APA)P L (g) g(P)" = amg(—1,|b],|b],1), beR

is satisfied by connections parametrized by A, =
V(1) in the following usual way

The condition for gauge invariance S9 = S gives g(Hp)"" = aiae(—1b], |b],1,1), DR
finally a condition on A(APy;) and g"” as a re-

. , , Triangular space
lation which has hold for all unitary elements

Vu(a) =0u(a) +idyxa. 3) hecem) 1 0 0 0
Additionally, for a unitary automorphism 1 ,/g(A_l)g (A_l)x (hT) L Aa A8 (h) — A(Ps) = Py 1 0 O
g9 P 7 p v 0 0 1 0

¢q4(a) = g x a the concept of gauge transforma- o i
tions needs to be deformed as well. The correct g- g . 0 0 0 1

choice amounts to

(5)

is solved by Galilean metric diag(0,1,1,1).



